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ON THE NASH PROBLEM FOR TERMINAL THREEFOLDS OF TYPE
cA/r
HSIN-KU CHEN
Abstract. We study Nash valuations and essential valuations of terminal threefolds of
type cA/r. If r = 1 or the given threefold is Q-factorial, then all the Nash valuations and
essential valuations can be completely described. We construct non-Gorenstein or non-Q-
factorial counter examples for the Nash problem.
1. Introduction
The space of arcs is the scheme parametrize the morphisms form a formal disk to a
given variety. People are interesting those arcs passing through singularities. Ideally, all the
information of the singularity are encoded in the spaces of arcs passing through singularities.
One only need to know that how to read those information.
Nash [11] suggests one approach. He interpret irreducible components of those arcs passing
through singularities in the arc space as a valuation near the singular locus (so called Nash
valuations), and he notice that those valuations are divisorial valuations which appears on
every resolution of singularities. This correspondence is called the Nash map. The Nash
problem asks whether the Nash map is an one-to-one correspondence or not. In dimension
two, it is known that the Nash problem has positive answer [6]. It is also known that if the
Nash map of a toric variety [7] or a Schubert varieties in Grassmannians [5] is bijective. But
in general the Nash map is not surjective. There are several counter examples [2], [7]. In
this paper we will also construct two counter examples for the Nash problem.
In [8], Johnson and Kolla´r described the Arc space of cA-type isolated singularities in gen-
eral dimension. In the case of three-dimensional isolated cA1 singularities, they can describe
the essential valuations in detail. In this paper we only focus on three-dimensional singu-
larities. Instead, we study terminal singularities of type cA/r, namely the cyclic-quotient of
cA type singularities. The cA/r singularity is one of the most common three-dimensional
terminal singularities. When running three-dimensional minimal model program, this kind
of singularities occur naturally. It thus becomes an important issue to understand cA/r sin-
gularities when studying three-dimensional birational geometry. In this paper we describe
the Nash valuations of cA/r singularities and we can give a explicit description for essential
valuations if the singularity is Q-factorial.
Theorem 1.1. Let
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
be a cA/r singularity with r ≥ 1. Then there are a one-to-one correspondence between Nash
valuations of X and exceptional divisors over the singular point of X which is of discrepancy
less than or equal to one. More precisely, Let wk be the weight such that wk(z, u) = (
k
r
, 1)
1
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and let mk = wtwkf(z, u). Then Nash valuations of X is the following valuations{
σki σ
k
i (x, y, z, u) =
1
r
(ka+ ir, (mk − i)r − ka, k, r)
}
for 1 ≤ k ≤ r and {
0 ≤ i ≤ mk − 1 if k < r,
1 ≤ i ≤ mr − 1 if k = r.
For essential valuations, we can estimate its discrepancy.
Proposition 1.2. Let X be a three-dimensional terminal singularity of type cA/r with r ≥ 1.
Then every essential divisor has discrepancy less than or equal to two.
Assume further that our singularity is Q-factorial, then we can explicitly describe all the
essential valuations.
Theorem 1.3. Let
X = (xy + f(z, u) = 0) ⊂ C4
be a Q-factorial isolated cA singularity. Let m = mult f(z, u). Then there exists a non-Nash
essential valuation over X if and only if after a suitable choice of local coordinates (z, u) we
have ziuj ∈ f(z, u) only when 2i+ j ≥ 2m.
In this case there is a unique non-Nash essential valuation τ such that τ(x, y, z, u) =
(m,m, 2, 1).
Theorem 1.4. Let
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
be a Q-factorial cA/r singularity with r > 1. Let wk be the weight such that wk(z, u) = (
k
r
, 1)
and let mk = wtwkf(z, u). Non-Nash essential valuations are those valuations: (in the
following notation we assume that a < r){
τki τ
k
i (x, y, z, u) =
1
r
((k − r)a+ ir, (mk − i)r − (k − r)a, k, r)
}
,
where r + 1 ≤ k ≤ 2r and mk−r − ⌊
(k−r)a
r
⌋ ≤ i ≤ mk −mk−r − ⌈
(k−r)a
r
⌉.
In particular, the Nash map of X is surjective if and only if mk < 2mk−r + (1− δk,2r) for
all r + 1 ≤ k ≤ 2r, where δk,2r = 1 if k = 2r and 0 otherwise.
Assume that the singularity is not Q-factorial, then it is not easy to study essential valu-
ations. We can only deal with Gorenstein cases:
Theorem 1.5. Let
X = (xy + f(z, u) = 0) ⊂ C4
be a three-dimensional isolated cA singularity and assume that X is not Q-factorial. Then
the Nash map of X is surjective.
We can construct an example which is not Q-factorial and not Gorenstein, and has a non-
Nash essential valuation. However we do not have a general theory to describe the essential
valuations of non-Q-factorial and non-Gorenstein terminal threefolds.
Our result generalize Johnson-Kolla´r’s work in three-dimensional case and the basic idea
of the proof is similar. The reason we only focus on dimension three cases is that one can
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construct an explicit resolution of a terminal threefold using weighted blow-ups. Thus all the
candidates of Nash valuations and essential valuations can be well-described. One can test
whether a valuation is Nash or not using Reguera’s curve selection lemma, and test whether
a valuation is essential or not using de Fernex’s method.
In fact, usually we do not need to study every exceptional divisor on the resolution. It is
enough to study exceptional divisors on a intermediate variety which has only Gorenstein
singularities. In Section 3 we will compute those divisorial valuations. Section 4 contains
the main technical ingredients. We discuss the deformation of arcs on three-dimensional
terminal cA/r singularities. It help us to identify Nash valuations. In Section 5 we discuss
essential valuations and we will prove all the above theorems in Section 6. Counter examples
of the Nash problem will also be given in the last section.
I want to thanks Tommaso de Fernex for discussing this question with me. I thank Jungkai
Alfred Chen for his helpful comments. Part of work was done while the author was visiting
the University of Utah. The author would like to thank the University of Utah for its
hospitality.
2. Preliminary
2.1. Arc spaces. Let X be a scheme of finite type of a field k. The space of arc (or the arc
space) of X , which we will denoted by Arc(X), is a scheme satisfied the following property:
for any field extension K/k, the K-valued of Arc(X) is a formal arc
α : Spec K[[t]]→ X.
For the construction and basic properties of the arc spaces, we refer to [3]. We have the
natural map piX : Arc(X)→ X which is defined by piX(α) = α(0). If there is a morphism f :
Y → X , then we have a induced morphism pif : Arc(Y ) → Arc(X) defined by composition
with f .
For a given arc α ∈ Arc(X) there is an induced morphism α∗ : OX → K[[t]]. Assume that
X ∼= (f1(x1, ..., xn) = ... = fd(x1, ..., xn) = 0) ⊂ C
n
(x1,...,xn)
.
is an complex variety. Every arc α ∈ Arc(X) can be express as α(t) = (x1(t), ..., xn(t)),
where xi(t) = α
∗(xi) ∈ C[[t]], such that fj(x1(t), ..., xn(t)) ≡ 0 in C[[t]], for all j = 1, ..., d.
Let α ∈ Arc(X) be a arc. Then α induces a valuation
vα : OX,p
α∗ // C[[t]]
valt // Z≥0 .
Assume that S ⊂ Arc(X) is a connected subset in the arc space. One can define vS =
minα∈S{vα}. Since the valuation function on the arc space is upper semi-continuous, vS is
well-defined and equals to the valuation of a general element in S.
Definition. Assume that pi−1X (Xsing) =
⋃
i∈I Zi, where Zi is irreducible. We call {vZi}i∈I
Nash valuations of X .
Assume that Y → X is a resolution of singularities and {Ej}j∈J are exceptional divisors
of Y → X . It is known (cf. [3, Section 3]) that
pif |pi−1
Y
(
⋃
j∈J Ej)
: pi−1Y (
⋃
j∈J
Ej)→ pi
−1
X (Xsing)
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is dominate. Hence for any irreducible component Zi of pi
−1
X (Xsing) there exists an unique Ej
(uniqueness follows form the fact that vEj 6= vEj′ if j 6= j
′) such that pif (pi
−1
Y (Ej)) dominate
Zi which implies vZi = vEj . Thus Nash valuations can be viewed as a divisorial valuation
which appears on every resolution of singularities of X .
Definition. Let E be an exceptional divisor over Xsing. E is called an essential divisor
if centerYE is an irreducible component of f
−1(Xsing) for every resolution of singularities
f : Y → X . The valuation vE is called an essential valuation.
The above argument yields a natural map from the set of Nash valuations to the set of
essential valuations. This map is called the Nash map. It is obvious that the Nash map is
injective (because pi−1Y (Ej) is irreducible since piY : Arc(Y ) → Y is an infinite-dimensional
affine fiber bundle when Y is smooth). The Nash problem asks whether the Nash map is
bijective or not. As we introduced in the first section, in some situation the Nash problem
is known to be have positive answer, but in general the Nash map is not surjective.
To test a divisorial valuation is a Nash valuation or not, one needs Reguera’s curve selection
lemma, written in the following form.
Lemma 2.1 (Curve selection lemma, [3] Theorem 3.10). Notation as above. Assume that
pif(pi
−1
Y (Ej′)) ( pif (pi
−1
Y (Ej)), here the overline denotes the closure in Arc(X). Then there
exists a field extension K/C and a deformation of arcs Φ : Spec K[[s]]→ Arc(X) such that
Φ(0) is the generic point of pif (pi
−1
Y (Ej′)) and Φ(η) belongs to pif(pi
−1
Y (Ej))/pif (pi
−1
Y (Ej′)).
Here η denotes the generic point of Spec K[[s]].
Corollary 2.2. Notation as above. Assume that the ideal defines f(Ej′) is generated by x1,
..., xn. There exists a C-valued deformation of arcs Ψ : Spec C[[s]] → Arc(X) such that
Ψ(s) ∈ pif (pi
−1
Y (Ej))/pif(pi
−1
Y (Ej′)) and vΨ(0)(xi) = vEj′ (xi) for all i.
Proof. By [4, Lemma 7.4], one can choose a very general point C-valued arc β ∈ pi−1Y (Ej′),
such that Φ can be restrict to pif(β). That is, there exists a C-valued deformation of arcs
Ψ : Spec C[[s]]→ Arc(X) such that we have a commute diagram
Spec K[[s]]
Φ //
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙
Arc(X)
Spec Opif (pi−1Y (Ej′ )),κpif (β)
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
Spec C[[s]]
Ψ
OO
oo
.
[4, Lemma 7.3] says that one may assume β(0) is a very general point on Ej′ and vβ(Ej′) = 1.
Thus we may assume that vΨ(0)(xi) = vpif (β)(xi) = vEj′ (xi) for all i. 
Given a deformation of arcs Φ : Spec K[[s]] → Arc(X), we will denote Φ0(t) as the arc
corresponds to the closed point and Φη(t) as the arc corresponds to the generic point. Note
that Φ can be realized as a morphism Spec K[[s, t]]→ X , so called a K-valued wedge of X .
We will use this notation later.
2.2. Weighted blow-ups. Let G = 〈τ τ r = id〉 be a cyclic group of order r. For any
Z-valued n-tuple (a1, ..., an) one can define a G-action on A
n
(x1,...,xn)
by τ(xi) = ξ
aixi, where
ξ = e
2pii
r . We will denote the quotient space An/G by An(x1,...,xn)/
1
r
(a1, ..., an).
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Let W ∼= An(x1,...,xn)/
1
r
(a1, ..., an) be a cyclic-quotient singularity. There is an elementary
way to construct a birational morphism Y →W , so called the weighted blow-up, defined as
follows.
We write everything in the language of toric varieties. Let N be the lattice 〈e1, ..., en, v〉Z,
where e1, ..., en is the standard basic of R
n and v = 1
r
(a1, ..., an). Let σ = 〈e1, ..., en〉R≥0. We
have W ∼= Spec C[N∨ ∩ σ∨].
Let w = 1
r
(b1, ..., bn) be a vector such that bi = λai + kir for λ ∈ N and ki ∈ Z. We define
a weighted blow-up of W with weight w to be the toric variety defined by the fan consists
of those cones
σi = 〈e1, ..., ei−1, w, ei+1, ..., en〉.
Let Ui be the toric variety defined by the cone σi and lattice N .
Lemma 2.3. Let
v′ =
1
bi
(−b1, ...,−bi−1, r,−bi+1, ...,−bn)
and
w′ =
1
rbi
(a1bi − aib1, ..., ai−1bi − aibi−1, rai, ai+1bi − aibi+1, ..., anbi − aibn).
Assume that u = 1
r′
(a′1, ..., a
′
n) is a vector such that 〈e1, ..., en, v
′, w′〉Z = 〈e1, .., en, u〉Z, then
Ui ∼= A
n/
1
r′
(a′1, ..., a
′
n).
In particular, if λ = 1, then Ui ∼=
1
bi
(−b1, ...,−bi−1, r,−bi+1, ...,−bn).
Proof. Let Ti be a linear transformation such that Tiej = ej if j 6= i and Tiw = ei. One can
see that
Tiei =
r
bi
(ei −
∑
j 6=i
bj
r
ej) = v
′
and
Tiv =
∑
j 6=i
aj
r
ej +
ai
r
r
bi
(ei −
∑
j 6=i
bj
r
ej) =
ai
bi
ei +
∑
j 6=i
ajbi − aibj
rbj
ej = w
′.
Under this linear transformation σi becomes the standard cone 〈e1, ..., en〉R≥0 . Note that
kiv
′ + λw′ =
kir + λai
bi
ei +
∑
j 6=i
λ(ajbi − aibj)− kibjr
rbi
ej
= ei +
∑
j 6=i
λajbi − bibj
rbi
ej = ei −
∑
j 6=i
kjej .
Hence ei ∈ TiN and TiN = 〈e1, ..., en, u〉Z. This implies Ui has cyclic quotient singularity
which is defined by the vector u.
Now assume that λ = 1, then one can see that
w′ = ei −
∑
j 6=i
kjej − kiv
′,
so one can take u = v′. 
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Corollary 2.4. Let x1, ..., xn be the local coordinates of X and y1, ..., yn be the local
coordinates of Ui. The change of coordinates of Ui → X are given by xj = yjy
bj
r
i and
xi = y
bi
r
i .
Proof. The change of coordinate is defined by T ti , where Ti is defined as in Lemma 2.3. 
Corollary 2.5. Assume that
S = (f1(x1, ..., xn) = ... = fk(x1, ..., xn) = 0) ⊂W
is a complete intersection and S ′ is the proper transform of S on Y . Assume that the
exceptional locus E of S ′ → S is irreducible and reduced. Then
a(S,E) =
b1 + ... + bn
r
−
k∑
i=1
wtwfk(x1, ..., xn)− 1.
Proof. Assume first that k = 0. Denote φ : Y →W . Then on Ui we have
φ∗dx1 ∧ ... ∧ dxn =
bi
r
y
bi
r
−1
i
(∏
j 6=i
y
bj
r
i
)
dy1 ∧ ... ∧ dyn,
hence KY = φ
∗KW + (
b1+...+bn
r
− 1)E.
Now the statement follows from the adjunction formula. 
It is known that any analytic germ of three-dimensional terminal singularity can be em-
bedded into a four-dimensional cyclic-quotient space. In this paper we are going to study
cA/r singularities, that is, a three-dimensional terminal singularity with the following specific
form
X ∼= (xy − f(z, u) = 0) ⊂ A4(x,y,z,u)/
1
r
(a,−a, 1, 0)
Convention 2.6. Assume that X is of the above form and let Y → X be a weighted
blow-up. The notation Ux, Uy, Uz and Uu will stand for U1, ..., U4 in Lemma 2.3.
2.3. Resolution of terminal threefolds of type cA/r. For a divisorial contraction, we
always mean a birational map between terminal threefolds f : X ′ → X , such that exc(f) is
an irreducible divisor, and KX′ is f -anti-ample. We say that a divisorial contraction X
′ → X
is a w-morphism if it contracts a divisor E to a point P , and a(X,E) = 1
rP
. Here rP denotes
the Cartier index of KX near P , that is, the smallest integer such that rPKX is a Cartier
divisor near P .
In [1] J. A. Chen proved that any terminal threefold has a feasible resolution. That is, a
sequence of w-morphisms
Xk → Xk−1 → ...→ X1 → X0 = X
such that Xk is smooth. We will discuss the feasible resolution of cA/r singularities.
Let
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
be a cA/r singularity. We may always assume that zrm ∈ f(z, u). Define wk be the weight
such that wk(z, u) = (
k
r
, 1) We denote mk = mk(f) = wtwk(f(z, u)). For convenience we will
write m1 = m.
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Lemma 2.7. Assume that X ′ → X be the weight blow-up with weight 1
r
(a, rm− a, 1, r) and
let P ′ ∈ X ′ be the origin of the chart Uu (cf. Convention 2.6). We denote the local equation
of Uu by
Uu ∼= (x
′y′ − f ′(z′, u) = 0) ⊂ C4(x′,y′,z′,u)/
1
r
(a,−a, 1, 0).
Then mk(f) = m
′
k−1(f
′) +m for all k ≥ 2.
Proof. Write f(z, u) =
∑
aijz
riuj, then f ′(z′, u) = f(z′u
1
r , u)/um =
∑
aijz
′riui+j−m. Hence
mk(f) = min {ki+ j aij 6= 0} = min {(k − 1)i+ i+ j −m aij 6= 0}+m = m
′
k−1(f
′) +m.

We now describe the feasible resolution of X .
(1) Cyclic-quotient singularities. Assume that u ∈ f(z, u) then
X ∼= A3(x,y,z)/
1
r
(a,−a, 1)
is a cyclic-quotient singularity. The only w-morphism over X is the weighted blow-up
with weight 1
r
(a, r− a, 1). The resulting variety has two cyclic-quotient points of indices
a and r − a, and they are both less than r. By induction on r we can say that, after
finite steps of weighted blowing-ups the singularity can be resolved and we get a feasible
resolution of X . In this case the feasible resolution is unique. In fact, it is the economic
resolution of X .
(2) Gorenstein cA singularities. Assume that r = 1. Since X has isolated singularities,
either ul or zul ∈ f(z, u) for some l ∈ N. Thus mk+1 ≤ mk + 1 for k ≫ 1. Let
δ¯(f(z, u)) = min {k mk+1 ≤ mk + 1} and
δ¯(X) = max
{
δ¯(f(z + φ(u), u)) φ(u) ∈ uC[[u]]
}
.
Let X ′ → X be the weighted blow-up with weight (m − 1, 1, 1, 1). X ′ has a cyclic-
quotient singularities which is of the form 1
m−1
(−1, 1, 1) and possible some cA singulari-
ties. We already known that the feasible resolution of cyclic-quotient singularities exists.
Let P ′ be a cA point on Y . Since we assume that zrm ∈ f(z, u), P ′ is not the origin of
the chart Uz. After a suitable change of coordinate z → z + λu one may assume that P
′
is the origin of Uu.
We use the notation in Lemma 2.7 and we denote m′ = m1(f
′). Since we assume that
zm ∈ f(z, u), we have z′m ∈ f ′(z′, u), hence m ≥ m′. If m = m′ we have zm
′
∈ f ′(z′, u)
and Lemma 2.7 says that δ¯(X) > δ¯(P ′ ∈ X ′). Thus we have either m > m′ or m = m′
and δ¯(X) > δ¯(X ′). One can say that a feasible resolution of X exists by induction on
the tuple (m, δ¯(X)).
(3) cA/r points with r > 1. In this case ul ∈ f(z, u) for some l ∈ N since otherwise the
singularity of X is not isolated. Hence mk+1 = mk for k ≫ 1 and we define δ(X) =
min {k mk+1 = mk}. Note that unlike the Gorenstein case, when r > 1 one has δ(X) is
independent of any possible change of coordinates.
Let X ′ → X be the weighted blow-up with weight 1
r
(a, rm− a, 1, r). The origin P ′ of
the chart Uu is a cA/r point and the other singularities of X
′ are cyclic quotient points
and cA points. We already known that a feasible resolution of cA points and cyclic
quotient points exists. Now we have δ(X) = δ(P ′ ∈ X ′) − 1 by Lemma 2.7, hence a
feasible resolution of P ′ exists by induction on δ(X).
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Definition. Let
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
be a cA/r singularity. One can construct a birational map Y → X as follows:
(1) If X is a cyclic-quotient singularity, let Y be the feasible resolution (or the economic
resolution) of X .
(2) If X is a Gorenstein singularity, let Y be the variety obtained by first weighted blow-up
X with weight (m−1, 1, 1, 1) and then resolve all the cyclic-quotient singularities on the
resulting variety in the way of step (1).
(3) If X is a cA/r singularity with r > 1. Let P0 be the singular point of X0 = X ,
f0(z, u) = f(z, u),m
(0) = m1(f0). LetXi+1 → Xi be the weighted blow-up Pi with weight
1
r
(a,m(i)r − a, 1, r), Pi+1 be the origin of (Uu)Xi+1 ⊂ Xi+1, xy − fi+1(z, u) be the local
defining equation near Pi+1 and m
(i+1) = m1(fi+1). Since we have δ(Pi+1) = δ(Pi) − 1
by Lemma 2.7, one has the following sequence of w-morphisms
Xδ(X) → Xδ(X)−1 → ...→ X1 → X0 = X
such that Xδ(X) has only cyclic-quotient singularities or cA singularities. We define
Y → Xδ(X) to be the resolution of all the cyclic-quotient points on Xδ(X) in the way of
step (1).
Under this construction Y is a Gorenstein terminal threefold, and we call it the Gorenstein
resolution of X .
3. Exceptional divisors on the Gorenstein resolution
Let Y → X be the Gorenstein resolution we constructed in the previous section. We are
going to compute the exceptional divisors on Y over X .
3.1. Cyclic quotient singularities. Assume that X ∼= C3(x,y,z)/
1
r
(a,−a, 1) is a three-
dimensional cyclic quotient terminal singularity. The following statement is well-known
to experts (cf. [12, (5.7)]. However we can not find a reference for the explicit description,
hence we write a proof here.
Proposition 3.1. There are r− 1 exceptional divisors E1, ..., Er−1 on Y over X. We have
a(X,Ei) =
i
r
and Ei corresponds to the valuations vi(x, y, z) =
1
r
(ia,−ia, i) for i = 1, ...,
r − 1, here n = n− ⌊n
r
⌋r.
Proof. We always assume 0 < a < r. We prove by induction on r. If r = 2, then X ∼=
C3/1
2
(1, 1, 1). It is clear that after weighted blow-up 1
2
(1, 1, 1) we get a smooth threefold and
the exceptional divisor corresponds to the valuation v1(x, y, z) =
1
2
(1, 1, 1). Now for general
r, we consider g : X1 → X be the weighted blow-up X with weight
1
r
(a, r − a, 1). We have
E1 = exc(X1 → X) corresponds to the valuation v1(x, y, z) =
1
r
(a, r − a, 1). There are two
singular point P ∼= C3(x1,y1,z1)/
1
a
(−r, r, 1) and Q ∼= C3(x2,y2,z2)/
1
r−a
(r,−r, 1). By induction on r
we have the exceptional divisors on Y over P corresponds to the valuations
uj(x1, y1, z1) =
1
a
((−jr)a, (jr)a, j) =
1
a
(⌈
jr
a
⌉a− jr, jr − ⌊
jr
a
⌋a, j).
and the exceptional divisors on Y over Q corresponds to
wk(x2, y2, z2) =
1
r − a
((kr)r−a, (−kr)r−a, k) =
1
r − a
(kr−⌊
kr
r − a
⌋(r−a), ⌈
kr
r − a
⌉(r−a)−kr, k).
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One only needs to show that
{v2, ..., vr−1} = {u1, ..., ua−1} ∪ {w1, ..., wr−a−1}
To see it, note that E1 = (x1 = 0) near P , so
uj(x, y, z) = (
a
r
1
a
(⌈
jr
a
⌉a− jr),
r − a
r
1
a
(⌈
jr
a
⌉a− jr) +
1
a
(jr − ⌊
jr
a
⌋a),
1
r
1
a
(⌈
jr
a
⌉a− jr) +
1
a
j)
= (
a
r
⌈
jr
a
⌉ − j, (1 −
a
r
)⌈
jr
a
⌉ − ⌊
jr
a
⌋+ (
a− r
ra
+
1
a
)jr,
1
r
⌈
jr
a
⌉)
= (
a
r
⌈
jr
a
⌉ − j, 1 −
a
r
⌈
jr
a
⌉ + j,
1
r
⌈
jr
a
⌉)
=
1
r
(
(a⌈
jr
a
⌉)
r
, (−a⌈
jr
a
⌉)
r
, ⌈
jr
a
⌉
)
.
Similarly, we have
wk(x, y, z) =
1
r
(
(−(r − a)⌈
kr
r − a
⌉)
r
, ((r − a)⌈
kr
r − a
⌉)
r
, ⌈
kr
r − a
⌉
)
=
1
r
(
(a⌈
kr
r − a
⌉)
r
, (−a⌈
kr
r − a
⌉)
r
, ⌈
kr
r − a
⌉
)
.
Hence it is enough to show that{
⌈
jr
a
⌉
}a−1
j=1
∪
{
⌈
kr
r − a
⌉
}r−a−1
k=1
= {2, ..., r − 1}.
Indeed, we have
1 < ⌈
jr
a
⌉ <
jr
a
+ 1 ≤
(a− 1)r
a
+ 1 = r −
r
a
+ 1 < r.
and similarly
1 < ⌈
kr
r − a
⌉ < r.
Since both left-hand-side and right-hand-side has r − 2 elements, one only need to say that
αj = ⌈
jr
a
⌉ and βk = ⌈
kr
r−a
⌉ are all distinct for j = 1, ..., a− 1, k = 1, ..., r− a− 1. First note
that if j < j′ then
αj′ − αj = ⌈
j′r
a
⌉ − ⌈
jr
a
⌉ >
j′r
a
− (
jr
a
+ 1) =
r
a
(j′ − j)− 1 ≥
r
a
− 1 > 0,
so αj′ 6= αj and similarly βk′ 6= βk if k 6= k
′. Now assume that αj = βk = λ. Let
u = λa− jr = ⌈
jr
a
⌉a− jr, v = λ(r − a)− kr = ⌈
kr
r − a
⌉(r − a)− kr,
then we have 0 ≤ u < a, 0 ≤ v < r − a. Thus u+ v < r. On the other hand
u+ v = λ(a+ (r − a))− (j + k)r = (λ− j − k)r
is divisible by r, which implies u + v = 0, hence u = v = 0. We have λa = jr and so λa is
divisible by r. This is impossible because a and r are coprime and λ < r.
Now we prove that vi corresponds to a exceptional divisor of discrepancy
i
r
over X . When
i = 1 this follows from the construction. Assume that i > 1, then vi = uj or wk for some j,
10 HSIN-KU CHEN
k. Assume vi = uj, then i = ⌈
jr
a
⌉ by the computation above. By induction on the index we
may assume KY = h
∗KX1 +
j
a
Ei + others, where h denotes the morphism Y → X1. Hence
KY = (h ◦ g)
∗KX +
1
r
h∗E1 +
j
a
Ei + others.
Since E1 = (x1 = 0) and uj(x1) =
(−jr)a
a
, we have
a(X,Ei) =
1
r
(−jr)a
a
+
j
a
=
1
ra
(a⌈
jr
a
⌉ − jr + jr) =
i
r
.
Similar computation holds if vi = wk for some k. 
3.2. General cA/r singularities. Now let
X = (xy + f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
be a cA/r singularity and we assume a < r. Let g : X1 → X be the weighted blow-up
of weight 1
r
(a, rm − a, 1, r). Let P1, P2 and P
′ be the origin of the charts Ux, Uy and Uu
respectively. They are all possible non-Gorenstein singularities of X1. P1 and P2 are cyclic
quotient points and P ′ is a cA/r point.
Lemma 3.2. For j = 1, 2, the exceptional divisor Eji on Y over Pj corresponds to the
valuation vji such that
v1i (x, z, u) = (
a
r
⌈
ir
a
⌉ − i,
1
r
⌈
ir
a
⌉, 1)
for i = 1, ..., a− 1 and
v2i (y, z, u) = (
rm− a
r
⌈
ir
rm− a
⌉ − i,
1
r
⌈
ir
rm− a
⌉, 1)
for i = 1, ..., rm− a− 1. Furthermore we have a(X,Eji ) = v
j
i (z).
Proof. We will denote the local coordinate near P1 ∈ X1 by x1, z1 and u1 and we have x = x
a
r
1 ,
z = x
1
r
1 z1 and u = x1u1. We know that v
1
i (x1, z1, u1) =
1
a
((−ir)a, i, (ir)a) by Proposition 3.1,
hence
v1i (x, z, u) = (
a
r
1
a
(a⌈
ir
a
⌉ − ir),
1
r
1
a
(a⌈
ir
a
⌉ − ir) +
i
a
,
1
a
(a⌈
ir
a
⌉ − ir) +
1
a
(ir − a⌊
ir
a
⌋)
= (
a
r
⌈
ir
a
⌉ − i,
1
r
⌈
ir
a
⌉, ⌈
ir
a
⌉ − ⌊
ir
a
⌋)
= (
a
r
⌈
ir
a
⌉ − i,
1
r
⌈
ir
a
⌉, 1).
Now we compute the discrepancy. We have a(X1, E
1
i ) =
i
a
by Proposition 3.1. Let E be the
exceptional divisor of g : X1 → X , then KX1 = g
∗KX +
1
r
E. Since E is defined by (x1 = 0)
near P1, v
1
i (E) =
(−ir)a
a
and
a(X,E1i ) =
i
a
+
(−ir)a
ra
=
1
r
⌈
ir
a
⌉ = v1i (z)
as the same computation in the last part of Proposition 3.1.
The calculation for v2i is similar. 
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Lemma 3.3. For a given λ such that 1 < λ < r, there are exactly m exceptional divisors on
Y over P1 and P2 such that the discrepancy of those divisors over X is equal to
λ
r
. If λ = 1
or r, then there are only m − 1 exceptional divisors on Y over P1 and P2 with discrepancy
λ
r
over X.
Proof. We consider the set
S =
{
⌈
ir
a
⌉
}a−1
i=1
∪
{
⌈
jr
rm− a
⌉
}rm−a−1
j=1
.
One only need to show that S contains m elements which is equal to λ for 1 < λ < r, m− 1
elements equal to 1 and m− 1 elements equal to r. First note that every element in S is a
positive integer ≤ r, and |S| = rm− 2, as we expected. Assume that ⌈ ir
a
⌉ = λ, then
λ− 1 <
ir
a
< λ,
or equivalently
aλ
r
−
a
r
< i <
aλ
r
.
Hence there is at most ⌈a
r
⌉ = 1 many i satisfied ⌈ ir
a
⌉ = λ. Similar argument yields that there
are at most ⌈mr−a
r
⌉ = m many j satisfied ⌈ jr
rm−a
⌉ = λ and at least ⌊mr−a
r
⌋ = m − 1 many j
satisfied ⌈ jr
rm−a
⌉ = λ.
Let λi = ⌈
ir
a
⌉ for i = 1, ..., a − 1. Then 0 < λ1 < λ2 < ... < λa−1 < r. Assume that
⌈ jr
rm−a
⌉ = λi, then we have
aλi
r
−
a
r
< i <
aλi
r
and
(rm− a)λi
r
−
rm− a
r
< j <
(rm− a)λi
r
.
Hence
mλi −m =
aλi
r
−
a
r
+
(rm− a)λi
r
−
rm− a
r
< i+ j <
aλi
r
+
(rm− a)λi
r
= mλi.
For a fixed i there are at most m− 1 many j satisfied this condition, hence there are exactly
m− 1 many j satisfied ⌈ jr
rm−a
⌉ = λi and so there are exactly m elements in S equal to λi.
One can see that ⌈ jr
rm−a
⌉ = 1 if and only if j ≤ m− 1, and ⌈ jr
rm−a
⌉ = r if and only if
jr
rm− a
> r − 1⇔ j > rm− a−m+
a
r
⇔ j ≥ rm− a−m+ 1.
This shows that there are exactly m− 1 elements in S equal to 1 and m − 1 elements in S
equal to r. Now there are
rm− 2− (a− 1)m− 2(m− 1) = (r − a− 1)m
many elements in S which do not equal to 1, λi or r. Note that {2, ..., r − 1} − {λi}
a−1
i=1
contains r − a − 1 many elements and there are at most m elements in
{
⌈ jr
rm−a
⌉
}rm−a−1
j=1
which have the same value. This implies there are exactly m elements in S with value λ for
λ ∈ {2, ..., r − 1} − {λi}
a−1
i=1 . 
Recall that when r > 1 we have defined
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Proposition 3.4. Given a positive integer k.
(1) If r = 1 then there are exactly m−1 exceptional divisors on Y over X. They correspond
to the valuations σki (x, y, z, u) = (i,m− i, 1, 1) for i = 1, ..., m− 1.
(2) Assume that r > 1 and k ≤ r (resp. k = r). There are exactly mk (resp. mr − 1)
many exceptional divisors on Y over X which is of discrepancy k
r
. They correspond to
the valuations σki (x, y, z, u) =
1
r
(ka+ ir, (mk − i)r− ka, k, r) for i = 0, ..., mk − 1 (resp.
i = 1, ..., mr − 1).
(3) Assume that r > 1, k = r+k0 > r and k0 ≤ δ
′(X). Then there are exactly mk−mk0 −1
many exceptional divisors on Y over X which is of discrepancy k
r
. They correspond to
the valuations τki (x, y, z, u) =
1
r
(k0a+ ir, (mk− i)r−k0a, k, r) for i = 1, ..., mk−mk0−1.
(4) If k0 > δ(X), then there is no exceptional divisor on Y over X which is of discrepancy
k
r
.
Proof. To prove (1) and (2) we only need the following observations:
(i) The total number of exceptional divisor on Y of discrepancy k
r
is mk (resp. mr − 1) if
k < r (resp. k = r).
(ii) If E ⊂ Y is an exceptional divisor of discrepancy k
r
, then vE(z, u) = (
k
r
, 1) and either
rvE(x) ≡ ka(mod r) or rvE(y) ≡ −ka(mod r).
When r = 1 the statement follows from Lemma 3.2. If r > 1 it is easy to check that (i) and
(ii) is true by using Lemma 3.2, Lemma 2.7 and by induction on δ′(X).
From now on we will assume that r > 1. First we prove (3). One can construct a sequence
of w-morphisms
Xδ′(X) → ...→ X1 → X0 = X
such that in each step we contract a divisor to a cA/r point P ′j ∈ Xj . Note that we have
δ′(P ′j ∈ Xj) = δ
′(P ′j+1 ∈ Xj+1) + 1. Assume that
(P ′j ∈ Xj)
∼= (xjyj + fj(zj , uj) = 0) ⊂ A
4
(xj ,yj ,zj ,uj)
/
1
r
(a,−a, 1, 0).
Let w
(j)
k be the weight such that w
(j)
k (zj , uj) = (
k
r
, 1). Define m
(j)
k = wtw(j)
k
fj(zj , uj). By
Lemma 2.7, we have m
(j)
k = m
(j+1)
k−1 +m
(j)
1 . Let n
(j)
k be the number of exceptional divisors on
Y over Xj which is of discrepancy
k
r
. Note that Lemma 3.2 implies any exceptional divisor
over P1 and P2 has discrepancy less than or equal to one. By Lemma 3.2 and by induction
on δ(X) one can show that vE(u) = 1 for all exceptional divisor E on Y over X . One can
compute that a(Xj , E) = a(Xj+1, E) +
1
r
for all j. The conclusion is that when k > r and
j < δ(X), we have n
(j)
k = n
(j+1)
k−1 .
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Now
n
(0)
k = n
(1)
k−1 = ... = n
(k0)
r
= m(k0)r − 1
= m
(k0−1)
r+1 −m
(k0−1)
1 − 1
= m
(k0−2)
r+2 −m
(k0−2)
1 −m
(k0−1)
1 − 1
= m
(k0−2)
r+2 −m
(k0−2)
2 − 1
= ...
= m
(0)
k −m
(0)
k0
− 1
If E is an exceptional divisor of discrepancy k
r
, then a(Xj, E) =
k−j
r
for all j ≤ k0.
Hence a(Xk0 , E) = 1 and vE(xk0 , yk0, zk0, uk0) = (i,m
(k0)
r − i, 1, 1) and one can check that
vE(xj , yj, zj , uj) =
1
r
((k0 − j)a + ir, (m
(j)
k−j − i)r − (k0 − j)a, k − j, r). Thus
vE(x, y, z, u) =
1
r
(k0a+ ir, (mk − i)r − k0a, k, 1).
Finally if k0 > δ(X), then nk = n
(δ(X))
k−δ(X) = 0 since k − δ(X) > r. 
4. Nash valuations of terminal singularities of type cA/r
As before we assume that
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
is a cA/r singularity. We use the notation in Section 2.1.
Lemma 4.1. Let
Ψ : OX → C[[s, t]]
be a deformation of arcs on X. Assume that multtΨ0(x
r), multtΨ0(y
r), multtΨ0(z
r) and
multtΨ0(u) are all finite and multtΨ0(u) = multtΨη(u), then
vΨ0(z)− vΨη(z) ∈ Z.
In particular, if E and E ′ are two exceptional divisors such that pif (pi
−1
Y (E)) ⊂ pif(pi
−1
Y (E
′))
and a(X,E) = vE(z), a(X,E
′) = vE′(z) (for example if E ⊂ Y , where Y is the Gorenstein
resolution of X), then a(X,E)− a(X,E ′) ∈ Z.
Proof. Note that multtΨ0(x
r), multtΨ0(y
r) and multtΨ0(z
r) are finite implies multtΨ0(xz
r−a),
multtΨ0(yz
a) and multtΨ0(xy) = multtΨ0(f(z, u)) are all finite. For a fixed integer n, define
Ψn : OX
Ψ // C[[s, t]] // C[[s, t]]
s ✤ // sn
.
By Newton’s Lemma [8, Lemma 7], there exists n such that
Ψn(x
r) = ξ(s, t)tα
∏
i
(t− σi(s))
λi ; Ψn(z
r) = η(s, t)tγ
∏
j
(t− τj(s))
µj
such that ξ(0, 0) and η(0, 0) 6= 0, σi(0) = τj(0) = 0 but σi(s) and τj(s) are not identically
zero. We may assume that similar factorizations exist for Ψn(y
r) and Ψn(xy).
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We show that r divide µj for all j, which implies
vΨ0(z
r)− vΨη(z
r) =
(
γ +
∑
j
µj
)
− γ ∈ rZ,
hence vΨ0(z) − vΨη(z) ∈ Z. Indeed, since Ψn(x
r)Ψn(z
r)r−a = Ψn(xz
r−a)r, if r do not divide
µj, then there exists i such that σi(s) = τj(s) and r do not divide λi. We have t − σi(s)
divides
Ψn(x
r)Ψn(y
r) = Ψn(xy)
r = Ψn(f(z, u))
r,
Hence t− σi(s) divides Ψn(f(z, u)). Since t− σi(s) = t− τj(s) divides Ψn(z
r) and z do not
divide f(z, u) because X has isolated singularities, we have t− σi(s) divide Ψn(u). However
it is impossible since multtΨ0(u) = multtΨη(u).
Now the last statement follows from Corollary 2.2 and Proposition 3.4. 
Lemma 4.2. Let E be an exceptional divisor over X such that
(1) vE(z) = a(X,E) =
k
r
> 1.
(2) vE(x) =
i
r
with i ≡ ka (mod r).
(3) vE(x) + vE(y) = rmk.
(4) vE(u) = 1.
Then vE is not a Nash valuation.
Proof. Let µ : OX → C[[t]] be an arc such that vµ = vE . We may write µ(x
r) = α(t)rti,
µ(yr) = β(t)rtj and µ(zr) = γ(t)rtk, where α(t), β(t) and γ(t) are units. Note that we have
i ≡ ka (mod r) and i + j = mk. We define zs(t) = t
k
r
−1(γ(t)t + s) ∈ C[[s, t
1
r ]], us(t) = µ(u)
and F (s, t) = f(zs(t), us(t)) ∈ C[[s, t]]. By Newton’s Lemma [8, Lemma 7] there exists an
integer n and a factorization
F (sn, t) = φ(s, t)tmk−r
mk−mk−r∏
l=1
(t− σl(s)), φ(0, 0) 6= 0, σl(0) = 0 but σ(s) 6≡ 0.
We can choose i′ and j′ satisfying i′ ≡ ka (mod r), i′ + j′ = rmk−r and i
′ ≤ i, j′ ≤ j. Define
xs(t) = α(t)t
i′
r
i−i′
r∏
l=1
(t− σl(s)) ∈ C[[s, t
1
r ]]
and
ys(t) = α(t)
−1t
j′
r
mk−mk−r∏
l= i−i
′
r
+1
(t− σl(s)) ∈ C[[s, t
1
r ]].
Now we can define a deformation of arcs Ψ : OX → C[[s, t]] as follows: given x
pyqzvuw ∈ OX ,
define Ψ(xpyqzvuw) = xs(t)
pys(t)
qzs(t)
vus(t)
w. It is easy to see that vΨ0 = vE. Thus E is
not a Nash valuation. 
Combining the two above lemmas one may conclude the following.
Proposition 4.3. Let Y → X be the Gorenstein resolution of X. Assume that E ⊂ Y is
an exceptional divisor over X. Then E corresponds to a Nash valuation of X if and only if
a(X,E) ≤ 1.
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5. Essential valuations of terminal singularities of type cA/r
Assume that
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
is a cA/r singularity and Y → X is the Gorenstein resolution of X .
5.1. General situation.
Lemma 5.1. Let E be an exceptional divisor over X. Assume that
(i) vE(z) =
k
r
> 1 and vE(u) = 1.
(ii) vE(x) < mk−r and rvE(x) ≡ a mod r, or vE(y) < mk−r and rvE(y) ≡ −a mod r
Then E is not an essential divisor. In particular, if E ⊂ Y and a(X,E) > 2, then E is not
essential.
Proof. We write vE(x, y) =
1
r
(α, β) and we may assume α < mk−rr and α ≡ a mod r. Let
X ′ → X be the weighted blow-up with weight w such that w(x, y, z, u) = 1
r
(α,mk−rr−α, k−
r, r). Then the chart Uu ∈ X
′ has only isolated singularities. One can see that CenterX′(E)
is a curve, hence E can not be essential.
Now assume that E ⊂ Y and a(X,E) > 2. We will show that mk < 2mk−r. In this case
Proposition 3.4 implies both (i) and (ii) are true, hence E can not be essential.
To see that mk < 2mk−r, let z
iuj be the monomial in f(z, u) such that wtwk−r(z
iuj) =
mk−r. We have
k−r
r
i+ j = mk−r and
mk ≤
k
r
i+ j = mk−r + i ≤ mk−r +
r
k − r
mk−r =
(
1 +
r
k − r
)
mk−r < 2mk−r,
by noticing that
i =
r
k − r
(mk−r − j) ≤
r
k − r
mk−r.

5.2. Q-factorial cases.
Lemma 5.2. Assume that X has only Q-factorial singularities. Let E be an exceptional
divisor over X such that
(i) 1 < vE(z) = a(X,E) ≤ 2.
(ii) vE(u) = 1.
(iii) Both vE(x) and vE(y) ≥ mk−r.
Then E is an essential divisor.
Proof. Assume that E is not an essential divisor, then there exists a smooth model g : Z → X
such that Γ = CenterZ(E) is not a divisor (Note that exc(Z → X) is pure of codimension
one under the assumption that X is Q-factorial, cf. [8, Lemma 17]). Let F ⊂ Z be an
exception divisor containing Γ. We may write KZ = g
∗KX + ∆. By [10, Lemma 2.29], we
have
a(X,E) = a(Z,−∆, E) ≥ codimZ(Γ)− 1 + a(X,F )multΓF.
By Lemma 4.1 we have a(X,E)− a(X,F ) ∈ Z. Since a(X,E) ≤ 2, a(X,F ) = a(X,E)− 1.
Note that we have already assume that Γ is not a divisor, hence codimZ(Γ) ≥ 2. If multΓF ≥
2, then
codimZ(Γ)− 1 + a(X,F )multΓF ≥ 1 + 2a(X,E)− 2 > a(X,E)
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since a(X,E) > 1, which leads a contradiction. Thus multΓF = 1 and codimZ(Γ) = 2. This
says that Γ is a curve and F is smooth along Γ generically.
Now we have a(X,F ) ≤ 1, hence CenterY F is a divisor because Y is Gorenstein. By
Proposition 3.4 we have vF (x, y, z, u) =
1
r
(i,mk−rr − i, k − r, r) for some positive integer
i < mk−rr. Let X
′ → X be the weighted blow-up with weight vF . We are going to show
that the rational map µ : Z 99K X ′ is well-defined along generic point of Γ and CenterX′E is
a point Q. Thus µ contract Γ to a point but maps F to the exceptional divisor of X ′ → X .
We have µ−1(Q) is not pure of codimension one. However, since X is Q-factorial, X ′ is
Q-factorial. This contradict to [8, Lemma 17].
To see that µ is well-defined along the generic point of Γ, consider an affine open set UZ on
Z such that F is defined by v = 0 for some regular function v on UZ . Since valF (x, y, z, u) =
1
r
(α,mk−rr − α, k − r, r), One may write x = v
i
rα, y = vmk−r−
i
rβ, z = v
k−r
r γ and u = vδ,
such that α, β, γ and δ do not vanish along F . Furthermore since vE(u) = vF (u) = 1, δ do
not vanish along the generic point of Γ.
On the other hand, the regular functions near the origin of Uu ⊂ X
′ is generated by
x′ = x/u
i
r , y′ = y/umk−r−
i
r , z′ = z/u
k−r
r and u. Thus the coordinate change of Z 99K X ′ is
given by x′ = α/δ
i
r , y′ = β/δmk−r−
i
r , z′ = γ/δ
k−r
r and u = vδ. This shows that Z 99K X ′ is
well-defined along the generic point of Γ. Furthermore, since vE(x) > vF (x), vE(y) > vF (y)
and vE(z) > vF (z), we have α, β and γ vanish along Γ. Thus the image of Γ on X
′ is the
origin of the chart Uu. 
Proposition 5.3. Assume that X has Gorenstein Q-factorial cA type singularities. Let
E be an exceptional divisor over X. Then E is a non-Nash essential divisor if and only
if a(X,E) = 2, 2m = m2 and vE(x, y, z, u) = (m,m, 2, 1) for a suitable choice of local
coordinates of X.
Proof. First assume that a(X,E) = 2 and vE(x, y, z, u) = (m,m, 2, 1). In this case E is
essential by Lemma 5.2. One can see that E is not Nash by applying Lemma 4.2.
Now we assume that E is a non-Nash essential divisor and we are going to prove that the
above conditions hold. Let X1 → X be the weighted blow-up with weight (m − 1, 1, 1, 1)
and let P ′ = CenterX1E. P
′ should be a singular point of X1. Note that X1 has one
cyclic-quotient point and other possible singularities are cA singularities. The Gorenstein
resolution of X is obtained by resolving the cyclic-quotient point of X1. Hence if P
′ is the
cyclic-quotient point, then E must appear on the Gorenstein resolution of X . However in
this case E should correspond to a Nash valuation of X by Proposition 3.4 and Proposition
4.3. Hence P ′ is a Gorenstein point on X1.
Note that E is also an essential divisor of P ′. After a suitable change of coordinates
on X one may assume that P ′ is the origin of the chart Uu. Let x
′, y′, z′ and u be the
local coordinate near P ′ and let x′y′ + f ′(z′, u) be the local defining equation of Uu. Let
m′ = mult f ′(z′, u). As we discussed in Section 2.3, P ′ ∈ X1 has better singularity the X in
the sense that the tuple (m, δ¯(X)) > (m′, δ¯(P ′ ∈ X1)). We will induction on this tuple, and
assume that our statement hold for E over P ′ ∈ X1. More precisely, we may assume that
either E corresponds to a Nash valuation of P ′, which implies a(X1, E) = 1, or a(X1, E) = 2
and vE(x
′, y′, z′′, u′′) = (m′, m′, 2, 1) for a suitable change of coordinate z′′ = α(z′, u) and
u′′ = β(z′, u).
First we assume that a(X1, E) = 1. Proposition 3.4 says that vE(x
′, y′, z′, u) = (i,m′ −
i, 1, 1) for some i < m′, where m′ = m2−m by Lemma 2.7. This implies that vE(x, y, z, u) =
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(m− 1 + i, 1 +m′ − i, 2, 1). Note that we have m2 ≤ 2m and m
′ ≤ m. Lemma 5.1 says that
vE(x) = m − 1 + i ≥ m and vE(y) = m
′ + 1 − i ≥ m. Hence i = 1 and m′ = m. we have
m2 = 2m and vE(x, y, z, u) = (m,m, 2, 1). One can also compute that a(X,E) = 2.
Now we assume that a(X1, E) = 2 and vE(x
′, y′, z′′, u′′) = (m′, m′, 2, 1). First assume
that vE(u) = 1. In this case we may assume that u = u
′′ and z′′ = z′ + uφ(u) for some
φ(u) ∈ C[[u]]. Let z1 = z + u
2φ(u) we can see that z1 = z
′′u and vE(x, y, z1, u) = (m+m
′ −
1, m′ + 1, 3, 1). Also notice that in this case we have a(X,E) = 3. Hence E is not essential
by Lemma 5.1.
Finally assume that vE(u) = 2. We may assume u = z
′′ and z′ = u′′. We have
vE(x, y, z, u) = (m
′ + 2(m − 1), m′ + 2, 3, 2). Let k = ⌈m
′
2
⌉ and define X¯ → X be the
weighted blow-up with weight (m− k− 1, k+1, 1, 1). Let (y¯, z¯, u¯) be the local coordinate of
the chart U¯y ⊂ X¯ . We have
vE(y¯, z¯, u¯) =
1
k + 1
(m′ + 2, 3(k + 1)−m′ − 2, 2(k + 1)−m′ − 2).
Since 2(k + 1) ≥ m′ + 2 one can see that CenterX¯(E) is either a cyclic-quotient point or a
curve. If it is a curve then E can not be essential. If it is a cyclic-quotient point then E either
corresponds to a Nash valuation of X , or is not essential. This proves our statement. 
5.3. Non-Q-factorial cases. Let
X = (xy − f(z, u) = 0) ⊂ C4(x,y,z,u)/
1
r
(a,−a, 1, 0)
be a cA/r singularity. Let f(z, u) = f1(z, u)...fn(z, u) be a factorization into irreducible
components in C[[zr, u]], here fi(z, u) are all invariant under the cyclic action. By [9, 2.2.7],
we have
Pic(X −O) ∼= Z/rZ[KX−O] +
Z[x = f1(z, u) = 0] + ... + Z[x = fn(z, u) = 0]
([x = f1(z, u) = 0] + ... + [x = fn(z, u) = 0])
.
In particular, X is Q-factorial if and only if f(z, u) is irreducible in C[[zr, u]].
We follow the construction in [9, Section 2.2] to construct a Q-factorization of X . Let
X˜ = (xy − (z, u) = 0) ⊂ A4 be the canonical cover of X and let G =< σ > be the cyclic
group such that X = X˜/G. Let X˜1 be the blow-up of the ideal (x, f1(z, u)) on X˜ . There are
two affine charts on X˜1. They are
Us =
(
xs− f1(z, u) = 0
y − sf2(z, u)...fn(z, u) = 0
)
∼= (xs− f1(z, u) = 0) ⊂ A
4
(x,s,z,u)
and
Ut =
(
tf1(z, u)− x = 0
ty − f2(z, u)...fn(z, u) = 0
)
∼= (ty − f2(z, u)...fn(z, u) = 0) ⊂ A
4
(t,y,z,u).
One may define G-action on X˜1 by σ(s) = σ(y) and σ(t) = σ(x) and let X1 = X˜1/G. X˜1
also has cA/r singularities. We denote the image of the origin of the chart Us by P and the
image of the origin of the chart Ut by P
′. Then P is a Q-factorial point. P ′ may not be
Q-factorial, but it has better singularity than X in the sense that the number of irreducible
components of the defining equation decreases. Repeat this process we get a sequence of
terminal threefolds with cA/r singularities
X ′ = Xn−1 → ...→ X1 → X0 = X
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such that X ′ has Q-factorial singularities. Note that X˜1 → X˜ is isomorphic in codimension
one, hence X1 → X is isomorphic in codimension one. Inductively we have X
′ → X is
isomorphic in codimension one. Thus X ′ is in fact a Q-factorization of X .
Let Ci = exc(Xi → Xi−1) and C
′
i by the proper transform of Ci on X
′. Recall that we
define wk be the weight such that wk(z, u) = (
k
r
, 1). For any g(z, u) ∈ C[[z, u]], we define
mk(g) = wtwkg(z, u).
Lemma 5.4. Nash valuations of X is the union of the Nash valuations of X ′ and the
valuation obtained by blowing-up C ′i.
Proof. Nash valuations of X corresponds to exceptional divisors of discrepancy less than or
equal to one. Since X ′ → X is isomorphic in codimension one, for any exceptional divisor
E over X ′ we have a(X ′, E) = a(X,E). Given k < r, Proposition 3.4 says that there are
exactly mk(f) many exceptional divisors over X which is of discrepancy
k
r
. Note that there
are n cA/r points on X ′ which is defined by (xy − fi(z, u) = 0) ⊂ C
4
(x,y,z,u)/
1
r
(a,−a, 1, 0)
for i = 1, ..., n. Thus the total number of exceptional divisors of discrepancy k
r
over X ′ is∑n
i=1mk(fi) = mk(f). This says that the exceptional divisors which is of discrepancy less
than one over X is exactly those exceptional divisors of discrepancy less than one over X ′.
Now we count the number of discrepancy one exceptional divisors. There are mr(f) − 1
many exceptional divisors of discrepancy one over X and
∑n
i=1(mr(fi) − 1) = mr(f) − n
many exceptional divisors of discrepancy one over X ′. Let Ei be the exceptional divisor
obtained by blowing-up C ′i, for i = 1, ..., n− 1, then we also have a(X,Ei) = a(X
′, Ei) = 1.
Thus the exceptional divisors of discrepancy one over X are exactly the exceptional divisors
of discrepancy one over singular points of X ′, plus {Ei}
n−1
i=1 . This proves the lemma. 
Proposition 5.5. Assume that r = 1 and X is not Q-factorial. Then the Nash map of X
is surjective.
Proof. Let E be an essential divisor of X . Then CenterX′E is either a singular point of X
′
or C ′i. If CenterX′E = C
′
i, then E should be the blow-up of C
′
i, so E corresponds to a Nash
valuation of X . Assume that CenterX′E is a singular point of X
′, then E is an essential
divisor of X ′. If E corresponds to a Nash valuation of X ′, then E corresponds to a Nash
valuation of X so there is nothing to do. Now we assume that E is a non-Nash essential
divisor of X ′ and we will show that this it impossible.
Let Pi = CenterXiE and let j be the smallest integer such that Pj has Q-factorial singu-
larity. We are going to say that E is not a essential divisor of Pj−1, hence E can not be an
essential divisor of X . Thus we may assume j = 1.
As the notation above P1 is defined by
(xs− f1(z, u) = 0) ⊂ A
4
(x,s,z,u)
such that y = sf2(z, u)...fn(z, u). We have E is an essential divisor of P1. By Proposition
5.3 we have valE(x, s, z, u) = (m1(f1), m1(f1), 2, 1), hence
valE(x, y, z, u) = (m1(f1), m1(f1) +
n∑
i=2
m2(fi), 2, 1).
However, Lemma 5.1 says that E can not be an essential divisor. 
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Remark 5.6. When r > 1 there is an example such that X is not Q-factorial and the Nash
map is not surjective, please see Example 6.2. However we can not find a general theory to
describe all the essential valuations.
5.4. Valuations over the Gorenstein resolution.
Proposition 5.7. Assume that X has cA/r singularity with r > 1, then every exceptional
divisor over Y is not an essential divisor of X.
Proof. Let F be an exceptional divisor over Y and Q = CenterY F . If Q is a curve or Q is a
smooth point, then F can not be an essential divisor. Now we may assume Q is a cA point.
Recall that we have the sequence of divisorial contractions
Y = Xk → Xk−1 → ...→ X1 → X0 = X.
Let Qi = CenterXiF . Let j be the smallest index such that Qj is a Gorenstein point on
Xj, then Qj−1 is a non-cyclic-quotient cA/r point. We are going to prove that F is not an
essential divisor of Xj−1, and hence F can not be a essential divisor of X . For simplicity we
may assume j = 1.
After suitable change of coordinate, we may assume that Q is the origin of the chart Uz.
If F is not a essential divisor of X1, then F can not be a essential divisor of X and we have
done. Assume now that F is essential over X1. We want to find a birational morphism
X¯ → X such that X¯ has isolated singularities and CenterX¯F is a curve. This will imply F
is not an essential divisor of X .
The construction of X¯ is as follows. Assume that x′, y′, z′ and u′ are local coordinates
near Q and f ′(z′, u′) is the local defining equation. Let m′ = mult f ′(z′, u′). There are two
possibilities.
(i) a(X1, F ) = 1. In this case vF (x
′, y′, z′, u′) = (c,m′ − c, 1, 1) for some positive integer
c < m′. We have vF (x, y, z, u) =
1
r
(cr + a, (m′ + m)r − cr − a, 1, 2r). Note that
m ≥ m′, hence cr + a < mr. Let X¯ → X be the weighted blow-up with weight
1
r
(cr + a,mr − cr − a, 1, r).
(ii) a(X1, F ) = 2. Note that X1 has an essential divisor of discrepancy two implies X1 has
Q-factorial singularities by Proposition 5.5. Thus the defining equation of X1 satisfied
the condition in Proposition 5.3. This will implies f ′(z′, u′)m′ = (pz
′ + qu′)m
′
for some
p, q ∈ C, where f ′(z′, u′)m′ denotes the homogeneous part of degree m
′ of f ′(z, u′).
(ii-1) q 6= 0. This implies um
′
∈ f(z, u), hence m = m′. After suitable change of
coordinates we may assume f ′(z, u′)m′ = u
′m
′
and vF (x
′, y′, z′, u′) = (m′, m′, 1, 2).
Thus vF (x, y, z, u) =
1
r
(rm + a, 2rm − a, 1, 3r). Let w¯ be the weight such that
w¯(z, u) = (1
r
, 2). Let m¯ = wtw¯f(z, u). Since u
m ∈ f(z, u), m¯ ≤ 2m. Since
zrm 6∈ f(z, u) (or the origin of Uz do not contained in X1), we have m < m¯, hence
rm + a < rm¯. One can define X¯ → X to be the weighted blow-up with weight
1
r
(rm+ a, r(m¯−m)− a, 1, 2r).
(ii-2) q = 0. Hence f ′(z′, u′)m′ = z
′m
′
and vF (x
′, y′, z′, u′) = (m′, m′, 2, 1). One can see
that vF (x, y, z, u) =
1
r
(rm′ + 2a, r(m′ + 2m)− 2a, 2, 3r). We need to check that
m′ ≤ m2 − 2.
Indeed, there exists a monomial ziruj ∈ f(z, u) such that i + j = m. Assume
that i 6= 0. Since i + 2j − m = j > m′, we have m > j > m′, hence m2 ≥
m ≥ m′ + 2 and we have done. Now assume f(z, u)m = u
m. In this case
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f ′(z′, u′) = z′m
′
+ um+others. The condition that X1 has a discrepancy two
essential valuation implies m ≥ 2m′. Since m′ ≥ 2, m2 = m ≥ m
′ + 2.
Note that 2(m + m′) > 2m ≥ m2. We can define X¯ → X to be the weighted
blow-up with weight 1
r
(rm′ + 2a, r(m2 −m
′)− 2a, 2, r).

6. Proof of the main theorems
Proof of Theorem 1.1. Proposition 3.4, Proposition 4.3 and Proposition 5.7 implies our the-
orem. 
Proof of Proposition 1.2. If r = 1, Proposition 5.3 and Proposition 5.5 implies the statement.
When r > 1, it follows from Lemma 5.1 and Proposition 5.7. 
Proof of Theorem 1.3. It is Proposition 5.3. 
Proof of Theorem 1.4. Proposition 3.4, Lemma 5.1, Lemma 5.2 and Proposition 5.7 implies
the theorem. 
Proof of Theorem 1.5. It is Proposition 5.5. 
Example 6.1. Let
X = (xy + zr + u2r = 0) ⊂ C4(x,y,z,u)/
1
r
(1,−1, 1, 0).
Then X is Q-factorial since zr + u2r is irreducible in C[[zr, u]] (cf. Section 5.3). We have
mk = k for all k ≤ 2r. Thus Nash valuations of X are{
σki σ
k
i (x, y, z, u) =
1
r
(k + ir, (k − i)r − k, k, r); 1 ≤ k ≤ r − 1, 0 ≤ i ≤ k − 1
}
∪{σri σ
r
i (x, y, z, u) = (i, r − i, 1, 1); 1 ≤ i ≤ r − 1}
and non-Nash essential valuations of X are{
τ r+ki τ
r+k
i (x, y, z, u) =
1
r
(k + ir, (r + k − i)r − k, r + k, r); 1 ≤ k ≤ r − 1, k ≤ i ≤ r − 1
}
.
In particular, there are
r−1∑
k=1
k + r − 1 = (r − 1)
(r
2
+ 1
)
many Nash valuations, and
(r−1)
(r
2
+ 1
)
+
r−1∑
k=1
(r−k) = (r−1)
(r
2
+ 1
)
+ r(r−1)−
r(r − 1)
2
= (r−1)(r+1) = r2−1
many essential valuations.
Example 6.2. Let
X = (xy + (z6 + u11)(z2 + u) = 0) ⊂ C4(x,y,z,u)/
1
2
(1, 1, 1, 0).
It is a non-Q-factorial cA/2 singularity. We have m1 = 4 and m3 = 10. Thus there exists
an exceptional divisor E over X such that vE(x, y, z, u) =
1
2
(9, 11, 3, 2) by Proposition 3.4.
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Since a(X,E) = 3
2
, E do not correspond to a Nash valuation. We are going to show that E
is an essential divisor. Thus the Nash map of X is not surjective.
Assume that E is not essential. Then there exists a smooth model W → X such that
CenterWE = Γ is a curve, Γ ⊂ F for some exceptional divisor of discrepancy
1
2
and F is
smooth along Γ (cf. the first paragraph in the proof of Lemma 5.2). We have vF (x, y, z, u) =
1
2
(a, b, 1, 2) such that a + b = 8. We may write x = αt
a
2 , y = βt
b
2 , z = γt
1
2 and u = δt, for
some α, β γ, δ and t ∈ OW (U) such that U is a affine open set contains Γ and t is the local
defining function of F . Note that since vF (x) < vE(x), vF (y) < vE(y), vF (z) < vE(z) but
vF (u) = vE(u), we have α, β and γ vanish on Γ but δ do not vanish near Γ.
We may assume b ≥ 3. LetX1 be the blowing-up the ideal (x, z
6+u11). As the computation
in Section 5.3 there is a chart Us ∈ X1 which is defined by
Us =
(
xs− (z6 + u11) = 0
y − s(z2 + u) = 0
)
∼= (xs− (z6 + u11) = 0) ⊂ A4(x,s,z,u)/
1
2
(1, 1, 1, 0).
One can see that vF (x, s, z, u) =
1
2
(a, b− 2, 1, 2). Let X ′ → X1 be the weighted blowing-up
the origin of Us with this weight. Consider the chart U
′
u ⊂ X
′. The local coordinate of X ′
is given by
x′ = x/u
a
2 = α/δ
a
2 , s′ = s/u
b−2
2 = y/(z2 + u)u
b−2
2 = β/(γ2 + δ)δ
b−2
2 , z′ = z/u
1
2 = γ/δ
1
2
and u = δt. One can see that there is a rational map from W to X ′ which maps F to a
divisor but maps Γ to the origin. However, since X1 is Q-factorial, X
′ is Q-factorial. This
leads a contradiction.
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